Genetic connectedness statistics are typically defined as a function of the inverse of the coefficient matrix. For instance, Kennedy and Trus (1993) proposed a genetic connectedness measure as the average prediction error variance (PEV) of the difference in predicted genetic values between all pairs of individuals in different management units. The PEV can be obtained from Henderson's mixed model equations (MME) (Henderson, 1984) . We constructed MME according to a standard linear mixed model y = Xb + Zu + , where y is a vector of phenotypes, X is an incidence matrix of management units, b is a vector of effects of management units, Z is an incidence matrix relating individuals to phenotypic records, u is a vector of random additive genetic effects, and is a vector of residuals. The phenotypic vector y was standardized to have mean of 0 and variance of 1 so that results can be compared across different scenarios. The variance-covariance structure for this model is
where σ 2 u is the genetic variance, σ 2 e is the residual variance, and K is a positive (semi)definite 134 relationship matrix defined later. 135 The inverse of the MME coefficient matrix is represented as
where λ is the ratio of variance components σ 2 σ 2 u . The PEV of genetic value for the ith individual (û i ) is given by
where C 22 ii is the ith diagonal element of C 22 coefficient matrix. Note that PEV can be interpreted as the proportion of additive genetic variance not accounted for by the prediction.
Equivalently, the matrix of PEV can be computed as
where M is the absorption (projection) matrix for fixed effects where M = I − X(X X) − X , 136 which is orthogonal to the vector space defined by X (i.e., MX = 0). This avoids calculating 137 the inverse of the entire coefficient matrix, which is useful when the number of columns of 138 X is large or analysis involves repeated computation of PEV. 139 
Genetic connectedness
We computed three genetic connectedness statistics: the PEV of the difference (PEVD) between genetic values (Kennedy and Trus, 1993) , the coefficient of determination (CD) of the difference between predicted genetic values (Laloë, 1993) , and the prediction error correlation (r) between genetic values of individuals from different management units (Lewis et al., 1999) . The first two statistics were originally used to evaluate the accuracy of individual estimated breeding values (EBV) and later extended to assess inherent risk in comparing individuals across management units. First, genetic connectedness between two individuals, i and j, was measured as PEVD (Kennedy and Trus, 1993) PEVD
where PEC ij is the prediction error covariance or covariance between errors of genetic values, 141 which is off-diagonal element of the PEV matrix. If PEVD is small, individuals are said to 142 be connected. The idea behind using PEVD as a measure of connectedness is that the Similarly, CD is closely related to PEVD and is defined by scaling the inverse of the coefficient matrix by corresponding coefficients from the relationship matrix. We can view CD as the squared correlation or reliability between the predicted and the true difference in the breeding values (Laloë et al., 1996) . This is given by
for pairwise comparison. In contrast to PEVD, CD accounts for the reduction of connected-149 ness due to relationship variability between individuals under comparison. This statistic is 150 bounded between 0 to 1, with larger values indicating increased connectedness.
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The r is obtained by transforming a PEV matrix into predictive error correlation matrix.
For individuals i and j, this statistic is given by
.
The rationale behind r is that there is no connectedness when PEC is zero (Lewis et al., 152 1999). Similar to CD, r is also bounded between 0 and 1. The larger the r, the greater the 153 connectedness.
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Connectedness summary 155 We can generalize connectedness between any pair of management units i and j by setting up a corresponding contrast vector x that sums to zero (i.e., 1 x = 0) (Laloë, 1993) . The PEVD of contrast x in genetic values is given by
where x is a column vector including 1/n i , −1/n j , and 0, for the elements corresponding to i th unit, j th unit, and the remaining units, respectively, where n i and n j were the numbers of individuals belonging to i th and j th units, respectively. In a contrast vector notation, pairwise CD between management units i and j is given by
For the r statistic, a similar summary statistic can be derived as
where PEC i j , PEV i i , and PEV j j were the sums of the elements of PEC i j ,
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PEC i i , and PEC j j , respectively (Kuehn et al., 2008) . However, in the Appendix we show relationships assuming conceptually, an infinite number of loci. On the other hand, the genomic relationship matrix, K = G, captures genomic similarity among individuals. The 174 matrix G is a function of the matrix of allelic counts (w i,j ∈ 0, 1, 2), where i = 1, · · · , n and 175 j = 1, · · · , m denote the indices of individuals and of markers, respectively. Each element of 176 the allele content matrix W is the number of copies of the reference allele. Under Hardy-
177
Weinberg equilibrium, E(w .j ) = 2p j and V ar(
is 178 a standardized incidence matrix of allelic counts, where p j is the allele frequency at the jth 179 marker. The G matrix is constructed from a crossproduct of scaled marker genotype matrix 180 W divided by some constant, i.e., the number of markers under assumption of unity marker
The standardization of W and the constant in the denominator make the G matrix anal-183 ogous to the A matrix (VanRaden, 2008) . This genomic relationship matrix estimates the 184 proportion of the genomes of two individuals that is identical by state (IBS).
185
One concern that arises when comparing the A and G matrices is that these two matrices including diagonals) were 0.81 and 0.98 for mice and cattle, respectively.
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Alternatively, a min-max scaler, one of the common scaling methods, was employed to scale the G matrix. The min-max scaler transforms inputs into the given range of minimum and maximum values. The scaled genomic relationship between ith and jth individual was given by
where G min and G max are the minimum and maximum elements of G, and G ij is the ith, can be shown (Legarra et al., 2009; Christensen and Lund, 2010) that the estimates of connectedness statistics as compared to using the A. As shown in Table   280 1, we found a similar overall pattern when h 2 was set to 0.2, although connectedness re-281 mained less than the alternative higher heritability. Replacing pedigree with genome-wide 282 markers increased the degree of connectedness captured among individuals in disconnected 283 management units.
284

Illustrative examples
To illustrate how G matrix impacted our measures of connectedness, we chose five management units including full-sib and non-full-sib individuals. In this example, management units "19F", "29A", and "36F" share at least one pair of full-sib individuals, whereas management units "12A" and "13C" do not share any full-sib individuals across management units. Figure 1 shows PEVD-derived connectedness across management units when h 2 = 0.8.
Comparison across management units with full-sibs in common had smaller PEVD hence greater connectedness. The molecular information captures more of the genetic connectedness relative to pedigree for across management units. We further investigate how the G or 
The first five individuals belong to "19F" and the remaining individuals belong to "13C". and 0/( √ 0.73 × √ 0.55) = 0, respectively.
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When the A matrix is replaced with the G matrix, the PEV matrix becomes 
Average genomic relationships within management units were 0.419 and 0.440 for individuals in "19F" and "13C", respectively, whereas across management unit genomic relationships were -0.09. The off-diagonals of zeros in pedigree-based PEV were replaced with small negative values. Although the diagonal elements within management units are not all equal because of Mendelian sampling, PEVD between the first individuals from respective management units are 0.30 + 0.24 − (2 × −0.01) = 0.56. Given that off-diagonal elements are negligible, the rate of PEVD reduction from shifting from A to G is almost 50% with the most of difference coming from decreased PEV in the diagonals. Specifically, the rates of PEV reduction (diagonals) from A to G were 59% and 56% for the first individuals in "19F" and "13C", respectively. The rates of PEC reduction cannot be defined since all of the off-diagonal elements are zeros in A. Note that the r statistic using the G matrix does not yield increased estimates of connectedness compared with that using A because −0.01/( (0.30) × √ 0.24) = −0.04. Now consider the G s matrix 
Here the PEV matrix within management units more closely resembles those from pedigree- respectively. When the scaled genomic relationship matrix G s is used, r yields an increased 294 connectedness estimate as compared to using pedigree-based relationships.
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Likewise, a subsequent example with "19F" and "36F" which can be viewed as connected management units (Figure 1) . Each management unit contains five full-sibs as in the previous case. The following matrix of pedigree-based PEV includes these 10 individuals. 
The first five individuals belong to "19F" and the remaining individuals belong to "36F". In The following is the PEV matrix when pedigree is substituted with the genome-wide markers from G. 
Average genomic relationship within "36F" was 0.465 whereas average genomic relationship across "19F" was 0.419. The off-diagonals no longer have small negative values and all elements of PEV were reduced in comparison to those using A. Here PEVD and r between the first individuals from the two management units are 0.30 + 0.31 − (2 × 0.19) = 0.23 and 0.19/( √ 0.30 × √ 0.31) = 0.62, respectively. Again, while genomic information increased estimates of connectedness as measured by PEVD, that was not the case for r. The reduction in PEVD from A to G was about 50% and both diagonals and off-diagonals contributed to increasing connectedness estimates. In particular, the rates of PEV reduction (diagonals) from A to G were 59% and 58% for the first individuals in "19F" and "36F", respectively.
The reduction in PEC due to the use of G was 62% for these two individuals, which was larger than the reduction of the diagonals. This contributed to the unexpected results for r because this statistic is based on a ratio. Now consider use of the scaled genomic relationship matrix, G s , which yielded the following PEV matrix 
The PEV matrix including both within and across management units are more analogous to 
and the expectation of denominator is the square root of the product between
Note that the first three terms in the numerator are equal to zero N 2 n i n j − N n i n 2 j − N n 2 i n j = N n i n j (N − n j − n i ) = N n i n j [N − (n j + n i )] = N n i n j (N − N ) = 0 because N = n i + n j . Therefore, the r statistic between units i and j is given by
When N = n i + n j , this result holds regardless of relatedness level, connectedness level, and (2008) . The two types of connectedness differ mainly by whether we take the average 545 followed by the ratio (unit connectedness) or take the ratio first followed by the average 546 (individual connectedness).
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Tables and Figures  Table 1 : Average genetic connectedness measures across management units in the mice data. PEVD, CD, and r denote prediction error variance of the difference, coefficient of determination, and prediction error correlation. We compared pedigree-based A, standard genome-based G, genome-based G 0.5 assuming equal allele frequencies, and scaled genomebased G s matrices to evaluate relationships among individuals. Two heritability values 0.8 and 0.2 were simulated. Values inside parentheses represent connectedness when at least one full-sib pair was present in different management units.
Heritability ( Figure 2: Four simulation scenarios considered in the cattle dataset. MU stands for management unit. Scenario 1: Completely disconnected -8 clusters assigned to separate management unit. Scenario 2: Disconnected -clusters 1, 2, 3, 4, and 5 assigned to management unit 1 and clusters 6, 7, and 8 assigned to management unit 2. Scenario 3: Partially connected -clusters 1, 2, 3 assigned to management unit 1, clusters 7 and 8 assigned to management unit 2, and the remaining clusters 4, 5, and 6 assigned to both management units 1 and 2 that act as link among clusters or individuals that partially connect the two management units. Scenario 4: Connected -all clusters 1 to 8 were equally assigned to management units 1 and 2. S1 vs. S2 S1 vs. S3 S1 vs. S4 Heritability = 0.8 75 80 85 90 95 Percentage of genetic connecteness (A) increase across management units S1 vs. S2 S1 vs. S3 S1 vs. S4 Heritability = 0.8 75 80 85 90 95 Percentage of genetic connecteness (G) increase across management units S1 vs. S2 S1 vs. S3 S1 vs. S4 Heritability = 0.2 75 80 85 90 95 Percentage of genetic connecteness (A) increase across management units S1 vs. S2 S1 vs. S3 S1 vs. S4 Heritability = 0. The first and second columns are derived from pedigree-based (A) and genome-based (G) CD, respectively. The PC plots were grouped by clusters and colored in different colors. Individuals within the same cluster were grouped by the circles.
